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Abstract
We prove that, if connected, the NEPS of connected, bipartite graphs has diameter which does
not exceed the sum of the diameters of the individual graphs, and we characterize the case of
equality. c© 2001 Elsevier Science B.V. All rights reserved.
Let G1; G2; : : : ; Gn be simple graphs whose non-empty vertex sets are denoted by
V (G1); V (G2); : : : ; V (Gn), respectively. Let B be a non-empty set of non-zero binary
n-tuples such that for each i=1; 2; : : : ; n, there exists an n-tuple in B whose ith compo-
nent equals 1. The non-complete, extended p-sum, abbreviated NEPS, of G1; G2; : : : ; Gn
with basis B is the graph (see e.g. [1])
G =NEPS(G1; G2; : : : ; Gn;B)
dened as follows:
(i) the vertex set of G is V (G1) V (G2)     V (Gn);
(ii) two vertices (u1; u2; : : : ; un) and (v1; v2; : : : ; vn) are adjacent if and only if there
exists (1; 2; : : : ; n) in B such that ui is adjacent to vi in Gi whenever i = 1
and ui = vi whenever i = 0. (In particular, each edge of G can be labeled by a
element of B.)
Examples of NEPS when n = 2 are the product (B = f(1; 1)g), the sum
(B= f(0; 1); (1; 0)g), and the strong product (B= f(0; 1); (1; 0); (1; 1)g).
Assume that each of the graphs Gi is connected. Stevanovic [2] has shown that
the connected components of G are determined by the connected components of the
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NEPS G0 of the bipartite graphs among G1; G2; : : : ; Gn with basis B0 obtained from
B by restricting the n-tuples to the coordinates corresponding to bipartite graphs. In
particular, G and G0 have the same number of connected components.
Now assume that each of the graphs Gi is a connected, bipartite graph. Stevanovic
[2] has further proved that G is connected if and only if B contains a basis of the
binary n-tuple linear space Zn2 . In this note, we bound the diameter of G in terms of
the diameters of the individual graphs. We denote the distance between vertices x and
y in a graph by d(x; y).
Theorem 1. Let G1; : : : ; Gn be connected bipartite graphs with at least two vertices;
and let G = NEPS (G1; : : : ; Gn;B) where B is a non-empty set of non-zero binary
n-tuples bj = (bj1; b
j
2; : : : ; b
j
n) containing a basis of Fn2 . Without loss of generality;
assume that bj (j=1; 2; : : : ; n) is a basis of Fn2 and that b
j
j=1 (j=1; 2; : : : ; n). Then:
(I) The graph G is connected; and for any two vertices u = (u1; : : : ; un) and v =
(v1; : : : ; vn) of G; their distance in G satises
d(u; v)6
nX
i=1
maxf1; d(ui; vi)g: (1)
(II) If there exist distinct integers r and s with 16r; s6n; such that bsr = 1 and
d(ur; vr)>2 in Gr and d(us; vs)61 in Gs; then
d(u; v)6
nX
i=1
maxf1; d(ui; vi)g − 1: (2)
Proof. Let e = (e1; : : : ; en) where ei = 0 if d(ui; vi) is even and 1, otherwise. Let
B0=fb1; : : : ; bng so that B0 is a basis of Fn2 . There exist ai 2f0; 1g such that, regarding
the bji as integers 0 or 1,
a1b1 +   + anbn = emod 2:
Thus for i = 1; 2; : : : ; n,
ci = a1b1i +   + anbni is
(
even if d(ui; vi) is even;
odd if d(ui; vi) is odd:
(3)
Let ui ! vi be a path from ui to vi of length di = d(ui; vi). For each i there exists
a vertex wi on this path from ui to vi such that there is a path in G from u to
w= (w1; : : : ; wn) of length p= a1 +   + an. In fact, if ci6di, then wi is the vertex at
distance ci from ui on the path ui ! vi; otherwise, in view of (3), wi = vi, obtained,
after reaching vi, by traversing the last edge of the path back and forth a number of
times. It also follows from (3) that d(wi; vi) is even for each i.
We observe that since d(wi; vi) is even, there is a walk in Gi from wi to vi (obtained
where necessary by traversing the last edge of the path ui ! wi back and forth a number
of times) of each even distance qi>d(wi; vi). Since b
j
j = 1 for all j, then by using b
i
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the even number d(wi; vi) times (i=1; : : : ; n) to construct edges of G, we obtain a path
in G from u to v of length
nX
i=1
(ai + d(wi; vi)):
Since bjj = 1 for all j, it follows that if d(ui; vi)>2 then ai + d(wi; vi)6d(ui; vi); on
the other hand, if d(ui; vi)61, then d(wi; vi) = 0 and ai + d(wi; vi)6maxf1; d(ui; vi)g.
Thus assertion (I) in the theorem holds.
Now assume that there exist distinct integers r and s with 16r; s6n, such that
bsr = 1 and d(ur; vr)>2 in Gr and d(us; vs)61 in Gs. First suppose that as = 0. Then
as + d(ws; vs) = 0, since d(ws; vs)6d(us; vs)61 and d(ws; vs) is even. Thus,
as + d(ws; vs)6maxf1; d(us; vs)g − 1:
Now suppose that as = 1. Since bsr = 1 and d(ur; vr)>2, we have ar + d(wr; vr)6
d(ur; vr)− 1. In each case, we have
d(u; v)6
nX
i=1
maxf1; d(ui; vi)g − 1;
and assertion (II) holds.
Theorem 2. Under the assumptions in Theorem 1; the diameter d(G) of G does not
exceed
Pn
i=1 Di where Di is the diameter of Gi (i = 1; : : : ; n). Suppose that Di>2
for i6t and Di = 1 (so Gi is the complete bipartite graph K1;1) for i> t. Then
d(G) =
Pn
i=1 Di if and only if jBj = n and the n by n matrix B whose columns are
the vectors bj in B is; for a suitable ordering of the columns; of the form
It O
X Y

: (4)
Proof. It follows immediately from Theorem 1 that the diameter of G does not exceedPn
i=1 Di.
First assume that jBj = n and B has the form given in the theorem. Choose u =
(u1; u2; : : : ; un) and v= (v1; v2; : : : ; vn) such that: (a) if i6t, then d(ui; vi) =Di and (b)
if i> t, then ui = vi when the ith component of
Pn
i=1 Dib
i is even and ui 6= vi when
it is odd. Suppose W is a walk from u to v in G. Let li, 16i6n, denote the number
of edges labeled by bi in W . Then
nX
i=1
libi = (d(u1; v1); d(u2; v2); : : : ; d(un; vn))T =
nX
i=1
Dibimod 2:
Since fbi: 16i6ng forms a basis for Fn2 , we have li  Di(mod 2). Thus li>Di = 1
for all i> t. Also li>Di for all i6t since the ith component of
Pn
i=1 lib
i is at least
d(ui; vi) = Di. Hence d(u; v)>
Pn
i=1 Di and the diameter of G equals
Pn
i=1 Di.
376 R.A. Brualdi, J. Shen /Discrete Mathematics 226 (2001) 373{376
Now assume that the diameter of G equals
Pn
i=1 Di. Choose u= (u1; u2; : : : ; un) and
v= (v1; v2; : : : ; vn) such that d(u; v) =
Pn
i=1 Di. Then
(d1; d2; : : : ; dn)T =
nX
i=1
Dibimod 2; (5)
where di denotes the distance d(ui; vi) in Gi. There does not exist a vector bp in
B such that p6t and bpr = b
p
s = 1 for 16r < s6t. For if there were, we could
replace u by u0 where u is joined by an edge in G to u0 and d(u0r ; vr) = d(ur; vr)− 1
and d(u0s; vr) = d(us; vs) − 1, and then use Theorem 1 to obtain the contradiction that
d(u; v)6d(u0; v) + 16
Pn
i=1 Di − 1. Hence, by applying II of Theorem 1, the rst
n columns of B have the form (4). Suppose by way of contradiction that jBj>n.
Consider a vector bk with k >n. Then bk has at most one non-zero entry among its
rst t entries, for otherwise we could replace one of the vectors b1; : : : ; bt by bk and
arrive at a contradiction. Suppose, without loss of generality, that bk1 = 1. Then since
bk 6= b1, it follows that at least one of b1 and bk has a non-zero among its last n− t
components. Since we can replace b1 by bk , we may assume that bk has a non-zero
among its last n − t components. There is then a basis of Fn2 containing b1; : : : ; bt ; bk
contradicting what we have already proved. Thus, the n  m matrix B has the form
(4). Now if m>n, then the column bn+1 is a sum of at least two of the columns
bt+1; : : : ; bn. Since we can replace some bi, t < i6n, by bn+1, it follows from (5) that
d(u; v)<
Pn
i=1 Di. Hence jBj= n as desired.
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